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Abstract. Let G be a complex reductive algebraic group and let F be a 
finitely generated group. We study properties of irreducible and completely 
reducible representations p : F — > G in the context of the geometric invariant 
theory of the G action on the space of G-representations of F by conjugation. 

Let X(3(F) be the G-character variety of F. We prove that if p : F — > G is 
completely reducible and it represents a reduced point of the character variety 
then 

T[p] Xg{T) = To(H\r,Adp)//CGipim 
where H^{T,Adp) is the 1st cohomology group of F with coefficients in the 
Lie algebra g of G twisted by the homomorphism 

F ^ G ^ GL(g) 

and Gg{p(F)) is the centralizer of p(F) in G. 

Let M be an orientable 3-manifold with a connected boundary F of genus 
g > 2. Let Xq{F) be the subset of the G-character variety of 7ri(i^) composed 
of conjugacy classes of good representations, that is irreducible representations 
p : F — > G such that the centralizer of p(F) is the center of G. By a theorem of 
Goldman, Xq (F) is a holomorphic symplectic manifold. The main goal of this 
paper is to prove that the set of good G-representations of tti {F) which extend 
to representations of 7ri(M) is a complex isotropic submanifold of Xq(F). 
Furthermore, if these representations correspond to reduced points of the G- 
character variety of M, then this submanifold is Lagrangian. This result has 
important applications to Chern-Simons theory and quantum topology. 
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1. Summary of Results 

Let G be a reductive complex algebraic group, for example a classical group of 
matrices, GL{n, C), SL{n, C), 0{n, C), Sp{n, C) or one of their quotients. Let T be 
a finitely generated group. We say that a representation p : F — )■ G is irreducible if 
p(r) is not contained in any proper parabolic subgroup of G. Additionally, we say 
that p is completely reducible if for every parabolic subgroup P <Z G containing p(r), 
there is a Levi subgroup L d P containing p{T). In particular, p : T GL{n,C) 
is irreducible if and only if C" is a simple F-module (via p) and it is completely 
reducible if C" is a semi-simple F-module. In Sections |3]|4] we study properties of 
irreducible and completely reducible representations. In particular we prove the 
following statements: 

Theorem 1.1. p : T ^ G is completely reducible if and only if the algebraic 
closure of p(F) in G is a linearly reductive group. 

2. a completely reducible representation p :T G is irreducible if and only if the 
centralizer of p{T) is a finite extension of C{G). 

The space, Hom(T, G), of all group homomorphisms from F to G is an algebraic 
set on which G acts by conjugation. We study properties of this action from the 
point of view of the Geometric Invariant Theory in Section [T] In particular we 
observe that p is a poly-stable point under that action if and only if p is completely 
reducible. If p is irreducible then it is a stable point. Finally, p is properly stable 
if and only if p is irreducible and G(G) is finite. 

The categorical quotient Xg{T) = Hom{T,G)/ /G is called the G -character va- 
riety ofT, c.f. Section [TT] Although it is a coarser quotient than the set theory one, 
it has the advantage of having a natural structure of an affine algebraic set. Every 
element of X(3(F) is represented by a unique completely reducible representation. 

Let H*{T, Ad, p) denote the group cohomology of F with coefficients in the Lie 
algebra g of G twisted by the homomorphism 

F ^ G ^ Endis), 

where Ad is the adjoint representation, Ad{g){x) = gxg~^. Denote the stabilizer of 
p under the G action on Hom{T,G) by Gg(p(F)). (It is the centralizer of p(F) in 
G.) There is a natural action of Gg(p(F)) on H^(r, Adp), c.f. Sec. [121 

We say that p is reduced if it is a reduced point of the algebraic scheme of 
G-representations of F, c.f. Section [HI 

Theorem 2. (Proof in Sec. (1) For every reductive G and a completely re- 
ducible p there is a natural linear map 

: T[,] XciT) ^ To {H\T, Ad p)/ /GcipiT))) . 

(2) (p is an isomorphism if p is reduced. 
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A version of this result stating that 

'^T^,}XG{T) = H\T,Adpf 

belongs to folk knowledge, although it is often used without proper assumptions 
- in particular the requirement of p being reduced and CcipiY)) acting trivially 
on H^{T,Adp). The quotient on the right side may be non-trivial even if p is 
irreducible. (In Section [?] we give examples of irreducible representations whose 
centralizers are proper extensions of C(G).) 

It is easy to see that all representations of free groups are reduced. Furthermore, 
we prove: 

Theorem 3. For every reductive G and for every orientable surface F of genus 
> 2, all irreducible G -representations of tti{F) are reduced. 

Denote the set of irreducible G- representations of F by Hom^{T, G). It is a Zariski 
open subset of Hom{T,G), c.f. Proposition [521 Since each equivalence class in 
Hom{T,G)//G contains a unique closed orbit and the orbit of every irreducible 
representation is closed (Proposition [^5)1 . the categorical quotient of Hom{T, G) by 
G restricted to Hom^{T, G) is the set theoretic quotient. Denote 

Horn' (F, G)//G = Horn' (F, G) /G 

by ^^(r). 

Proposition 4. Let T be a free group or the fundamental group of a closed ori- 
entable surface of genus > 2. Then 

(1) Xq{T) is an orbifold. 

(2) IfG = GL{n,C) or SL{n,C) then X^(F) is a manifold. (See also [FL2] .) 

We do not know if Proposition [11(2) holds for any reductive groups other than 
GL(n, C) and SL{n,C), c.f. Question [T8l and Proposition [43l 

A representation p : F — s- G is good if and only if it is irreducible and Gg(p(F)) = 
C{G). (By Theorem[Ij2), the condition of irreducibility can be relaxed to complete 
reducibility.) 

Denote the set of good G-representations of F by Hom^iT^G). It is a Zariski 
open subset of Hom{T,G), c.f. Proposition [321 Let 

X^{T) = Hom3{r, G)//G ^ Hom'^{T, G)/G. 

By the above discussion X^(r) is an open subset of Xq(F) and a smooth manifold 
for free groups and surface groups F. 

For a topological space Y, we abbreviate Xg{tti{Y)) by Xg{Y). Let be a 
closed orientable surface of genus > 2. Goldman proved that every non-degenerate 
symmetric bilinear Ad- invariant form B on the Lie algebra, g, of G gives rise to a 
holomorphic symplectic 2-form lub on Xq{F), [Go2] . c.f. Section [HI 

According to folk knowledge, if M is a compact orientable 3-manifold with a 
connected boundary F then the image of the map r, : Xg{M) Xg{F) induced 
by the embedding r : F = dM ^ M is "roughly speaking" a Lagrangian subspace 
of the G-character variety of F. In Section [151 we formulate this claim precisely 
and we prove it in detail. Let Yg{M) be the smooth part of 

X^(F)nn(XG(M)). 
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Theorem 5. (1) Yg{M) is an isotropic submanifold of Xq{F) with respect to lob 

for every symmetric non- degenerate bilinear Ad-invariant form B on g. 

(In particular, every connected component ofYoiM) of dimension ^dimXG{F) is 

Lagrangian.) 

(2) If a connected component ofYQ{M) contains the conjugacy class of a reduced ir- 
reducible G -representation of7ri{M) then it is a Lagrangian submanifold ofYaiM). 

Denote the set of equivalence classes of reduced representations in Xg{M) by 
XhiM). 

Theorem 6. Xq(F) n r,(XQ(M)) is an immersed Lagrangian submanifold of 

Note however that r» : Xq{M) Xq{F) does not have to be not an immer- 
sion. We observe in Proposition [?5] that for every G there is no upper bound on 
dim Xq{M) over compact manifolds M with connected boundary of fixed genus g. 
(dimX is the maximum of dimensions of irreducible components of X.) 

Theorems [5] and [6] have applications to Chern-Simons theory, quantum topology, 
and, potentially, Casson-type 3-manifold invariants and Floer symplectic homology, 
c.f. comments in Section [TSl 

In the paper we assume familiarity with basic algebraic geometry and the theory 
of algebraic groups. The standard references for these topics are |Ha[ IShfl IBol IHu| . 

We would like to thank S. Baseilhac, F. Bonahon, W. Goldman, C. Frohman, 
M. Kapovich, and S. Lawton for helpful discussions. 

2. Reductive Groups 

Every algebraic group G contains a unique maximal normal connected solvable 
subgroup, called its radical and denoted by Rad G. A connected group G is semi- 
simple if and only if RadG is trivial. A connected group G is reductive if and 
only if RadG is an algebraic torus, (C*)". In particular, C* and all classical matrix 
groups, SL{n,C), 0(n, C), Sp{n,C), are reductive. Furthermore, Gartesian prod- 
ucts, quotients and finite connected covers of reductive groups are reductive. In 
fact, all reductive groups can be obtained in this way from simple algebraic groups. 

Denote the center of G by C(G) and the connected component of the identity 
in C(G) by G"{G). For every reductive G, G"(G) = (C*)". A reductive group G is 
semi-simple if and only if G*'(G) is trivial. 

Let [G, G] be the commutator of G. If G is reductive then [G, G] is semi-simple. 
Furthermore, by [Bol Proposition IV. 14.2], the epimorphism 

(1) ,,:G''{G)x[G,G]~^G, v{g,h)=g-h 
has a finite kernel, isomorphic to 

ir = G°(G)n[G,G]. 
Therefore, there is a finite quotient 

(2) TT : G -> G" (G) /K x [G, G] /K. 

An algebraic group G is linearly reductive if its all GL{n, C)-representations are 
completely reducible. G is linearly reductive if and only if the connected compo- 
nent, G*^, of its identity is reductive. (This property does not hold for groups over 
fields of non-zero characteristic.) Therefore, linearly reductive groups are "virtually 
reductive" . 
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A maximal connected solvable subgroup of G is called a Borel subgroup. A closed 
subgroup P C G is parabolic if one of the following equivalent conditions holds: (a) 
G/P is a complete variety, (b) G/P is a projective variety, (c) P contains a Borel 
subgroup of G, c.f . |Bo j . 

A Levi subgroup of an algebraic group _ff is a connected subgroup L <Z H such 
that H is a, semi-direct product of L and the unipotent radical of H. Since L is 
isomorphic to the quotient of H by its unipotent radical, it is always reductive. 
By a result of Mostow, every algebraic group contains a Levi subgroup, c.f. [Bo[ 
IV.11.22] 

3. Irreducible and Completely Reducible Subgroups 

We say that a subgroup H (closed or not) of G is irreducible if it is not contained 
in any proper parabolic subgroup of G. We also say that H is completely reducible 
if for every parabolic subgroup P <Z G containing H , there is a Levi subgroup of 
P containing H as well, |Se[ IBMRj . In particular, every irreducible subgroup is 
completely reducible. 

The following is an important characterization of completely reducible sub- 
groups: 

Proposition 7. For every reductive G, a subgroup H <Z G is completely reducible 
if and only if the algebraic closure of H in G is a linearly reductive group. 

Proof. ^ (1) Assume first that H is irreducible, i.e. not contained in any proper 
parabolic subgroup of G. Let H be the Zariski closure oi H va G and Radu{H) 
be the unipotent radical of H. Let P = ViRaduiH)) be the parabolic subgroup 
defined in [El 30.3]. Then H C NaiRaduiH)) and NaiRaduiH)) C P by [El 
30.3 Corollary A]. U H is not linearly reductive then Radu{H) is non-trivial and 
Radu{H) C Radu{P) by [Hu[ 30.3 Corollary A]. Therefore, P is a proper subgroup 
of G. 

(2) Now we carry the proof in full generality by induction with respect to dim G : 
If dimG = 1 then G — C* and the statement holds. Assume now that it holds for 
all reductive algebraic groups G of dimension less than n. Let dimG = n. If H 
lies in a proper parabolic subgroup of G then it also lies in a Levi subgroup of P 
and the statement follows from inductive hypothesis. If H does not lie in a proper 
parabolic subgroup of G then H is irreducible in G and the statement follows from 
part (1). 

<^ Suppose H is linearly reductive and H C P. Since P is closed, H C P. Now 
the statement follows from the fact that every closed linearly reductive subgroup 
of P lies in a Levi subgroup of P. Since we do not know a good reference to this 
fact, we enclose its proof here: There is an exact sequence 

{e} -> Radu P ^ P ^ L ^ {e}, 

where Radu P is the unipotent radical of P. Since pf is reductive, it has no con- 
nected unipotent subgroups and, therefore, r is an embedding of H into L. There- 
fore, the kernel K oi t restricted H is finite. By [Bo|, Corollary 4.8], Radu P is a 
subgroup of upper triangular matrices and, therefore, it has no elements of finite 
order. Hence, K is trivial. □ 
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A representation : F — > G is irreducible or completely reducible if (f>{T) C G 
is. In particular, a representation p : T —f GL{n,C) is irreducible if and only if 
C" does not have any F-invariant subspaces other than {0} and C". Additionally, 
p : F — !■ GL{n, C) is completely reducible if and only if C" decomposes into a sum 
of irreducible representations. 

Since a quotient of a reductive group is reductive, Proposition [7] implies: 

Corollary 8. For every homomorphism : Gi — > 6*2 of reductive groups the image 
of completely reducible subgroup of Gi is completely reducible in G2 ■ 

Similarly, we have: 

Lemma 9. For every epimorphism (j) : Gi G2 of reductive groups, the image of 
an irreducible subgroup of Gi is irreducible in G2. 

Proof. Suppose that (l){H) lies inside a proper parabolic subgroup P C G2. Since (f) 
induces an isomorphism Gi/0~^(P) G2/P and G2/P is complete, Gi/(/)~^(P) 
is complete as well, implying that (j)~^{P) is a proper parabolic subgroup of Gi 
containing H. □ 

The following example shows that irreducibility of iJ C Gi does not imply 
irreducibility of (t>{H) C G2 if : Gi ^ G2 is not an epimorphism, even if (j) is 
irreducible itself. 

Proposition 10. Let H = {A : A ■ = ±1} C SL{2, C). 

(1) H is isomorphic to 0(2, C). 

(2) H C 5i(2,C) is irreducible. 

(3) The image of H under the adjoint representation Ad : SL{2,C) SL{3,C) is 
completely reducible but not irreducible in S'L(3, C). 

Proof. (1) iJ is a non-abelian split Z/2 extension of 50(2). Now the statement fol- 
lows from the fact that 0(2, C) is the unique non-abelian split extension of 50(2, C) 
by Z/2. 

(2) Since H is reductive, it is completely reducible in 5i(2,C) by Proposition 
[T] If it was reducible, it would be a subgroup of diagonal matrices, C*. Since 
50(2,C) ~ C* and = C* x Z/2 does not embed into C*, it is irreducible in 
5i(2,C). 

(3) Complete reducibility follows from Corollary [51 We claim that the group 
Ad(H) lies in the parabolic subgroup of 5L(3, C) composed of transformations of 

sl{2,C) ~ which preserve Span{M) C sl{2,C), where M = . Indeed, 

since 5L(2,C) = 5p(2,C), AMA^ = M for every A e 5L(2,C). If A e then 
A^ — ±v4~^ and the claim follows. □ 

We say that H C G is Ad-irreducible if Ad{H) C GL{q) is irreducible. The 
above H C 5i(2,C) is irreducible but not Ad-irreducible. By Proposition [7l ev- 
ery irreducible subgroup 77 C G is completely Ad-reducible, i.e. Ad{H) C GL{q) 
is completely reducible. We are going to show that Ad-irreducibility implies irre- 
ducibility. 

Lemma 11. Let 4> : G GL{n,C) be an irreducible representation of a reductive 
group G. If H a subgroup of G such that (j){H) is irreducible then either 
(a) H is irreducible, or 
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(h) Kercj) contains the unipotent radical (i.e. the maximal connected unipotent 
subgroup ) of a Borel subgroup of G. 

Proof. Suppose that _ff C P C G. Then restricted to P is irreducible as well. Let 
U be the unipotent radical of P. Denote the space of vectors \\iV = C" invariant 
under the {/-action by . Since P is a semi-direct product of U and its Levi 
subgroup L, |Bo| . P ^ L » U , l^^ul e U, for every u U and I e L, and 

u ■ I ■ V = I ■ l^^ul ■ V = I ■ V for every v £ . 

Therefore I ■ v £ and, consequently, is preserved by P. Since (j) restricted to 
P is irreducible, by Shur's Lemma is either or V. However, [/ is a connected 
solvable group and, therefore, ^ 0, by Lie-Kolchin theorem, [Bo[ Cor 10.5]. 
Hence = V and, consequently, U C Ker(t). If _B is a Borel subgroup of G 
contained in P then the unipotent radical of B is contained in U. □ 

Since the kernel of the adjoint representation is the center of G, |Bol L3.15], and 
its unipotent radical is trivial. Lemma [Til implies: 

Corollary 12. Every Ad-irreducible subgroup of a reductive group is irreducible. 

4. Stabilizers of irreducible representations 

Proposition 13. The centralizer of an Ad-irreducible subgroup of a reductive group 
G is the center of G. 

Proof. Let H C G he ^c?-irreducible. By Shur's Lemma the centralizer of Ad{H) 
is the group of scalar matrices in GL(g). Hence, 

AdiCciH)) c CglUMH)) C {c • / : c e C*}. 

On the other hand, since the center of Ad{G) = G/C{G) is trivial, c.f. [FH, Thm 
23.16], Ad{G) n {c • / : c e C*} = {/}. Hence, Ad{GG{H)) is trivial, implying that 
Cg{H) c G(G). □ 

Proposition 14. The centralizer of an irreducible subgroup of a reductive group G 
is a finite extension of the center of G. 

Proof. Suppose that the centralizer, Cg{H), of H is an infinite extension of the 
center. Let T be a maximal torus in Cg{H). Then rankT > rankC{G) and 
H C Cg{T). Recall that T is either regular, semi-regular, or singular, |Boi §13.1]. 
If T is regular then Cg{T) is a maximal torus. If T is semi- regular, then Cg{T) 
is contained in a Borel subgroup, c.f. proof of [Boi IV. 13.1 Proposition]. In either 
case H C Cg{T) is reducible. Therefore, T is singular. In that case T is the 
connected component of identity of Hae/ ^e'' ol^ where the intersection is over a 
certain proper, non-empty subset / of positive roots. By |Bo | IV. 14. 17], T lies 
inside of a proper parabolic subgroup of G (denoted by Borel hy Pi). □ 

The following lemma will be useful later. 

Lemma 15. For every Levi subgroup L of every proper parabolic subgroup of a 
reductive group G, dimC{L) > dimC{G). 

Proof. Suppose that L is a Levi subgroup of a parabolic group P in G. As before, 
let G'^{G) be the connected component of the identity in the center of G. Then 
G°(G) C L and L' — L/G'^{G) is a Levi subgroup of the parabohc subgroup 
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P' ^ P/C°{G) of G' = G/C"{G). Therefore, without loss of generahty we can 
assume that dimC{G) = 0. 

By [Bo, Prop. 11.23], it is enough to prove that the radical of P, 7?.P, has a pos- 
itive dimension. Fix a root system for G. We are going to use the notation of |Bo| . 
By classification of parabolic subgroups in [Bol §14.17], P — Pj for some subset / 
of positive roots A of G. Let T/ be the identity component of {^aeiKer a. By [Bo[ 
Prop. 14.18], Ti C TZP. Since T/ is an algebraic torus of dimension rankG — |/|, 
dimTZP > unless / = A. In this case, P — G. □ 

Proposition 1 141 and Lemma [15] imply: 

Corollary 16. A completely reducible subgroup H <Z G is irreducible if and only if 
dimCciH) = dimC{G). 

We will say that a reductive group G has property CI if the centralizer of every 
irreducible subgroup of G coincides with the center of G. 

Example 17. G — GL{n,C) and SL{n,C) are CI. Indeed, H C G is irreducible if 
and only if elements of H linearly span Af(n, C). Consequently, the centralizer of 
every irreducible subgroup H <Z G is the center of G. 

Question 18. Are GL{n,C) and SL{n,C) the only Cl-groups? 

Example 19. PSL{2, C) is not CI. To see that consider the subgroup H C PSL{2, C] 

generated by ^ '^"■'^ '^l o) ' ~ ^ Klein group. 

One can easily see that H is its own centralizer in PSL(2,C) (while the center of 
PSL{2, C) is trivial). Being finite, H is linearly reductive and completely reducible 
by Proposition^ By Corollarv \l(A H is irreducible in PSL{2,C). 

Example 20. SO{n, C) is not CI: Let DAI^ be the group of diagonal matrices in 

SO{n, C) = {A: A- A^ = 1} C SL{n, C). 

Then DMn — {Z/2)"^^ and it is easy to see that DMn is its own centralizer 
in SO{n,C). Being finite, DMn is linearly reductive and completely reducible by 
Proposition^ By Corollarv \16\ DMn is irreducible in SO{n,C). 

Proposition 21. Sp{2n,C) is not CI. 

Proof, (based on the idea of S. Lawton, c.f. |FL2j ) Denote by D{ai, ...«„) the diag- 
onal matrix with entries ai, a„, and by AD{ai, ...an) the anti-diagonal matrix 

/ ai \ 
... 
... 

\an y 

The matrices Z?(ai, Q!„, a^^, aj^^) and AD(/3i, /3„, — /3^^, — /3f ^), for 
ai, a„, /?!,..., /?„ e C* form a subgroup of Sp{2n,C) — {A : AjA^ = J}, where 
J = AD{1, ...,1,— 1,...,— 1). Denote that subgroup by i?„. An elementary computa- 
tion shows that the center of iJ„ is composed of matrices D{ai, q;„, q:~^ , Q;j~^), 
where ai, ...,q;„ G {±1}- Since _ff„ is a finite extension of (C*)", it is linearly re- 
ductive and, hence, by Proposition [71 it is completely reducible in Sp{2n, C). Since 
C(r„) is a finite extension of G{Sp{2n,C)) = {±1}, r„ is irreducible by Corollary 

M □ 
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By the following result, PSO{n,C), PSp{2n,C) are not CI either. 

Proposition 22. A quotient of a non-CI group by a finite subgroup is non-CI. 

Proof. Let F C G be irreducible and such that CciT) is a proper extension of 
C{G). If TT : G — > G' is a quotient with finite kernel then Kern C G(G) and, 
consequently, the centralizer of 7r(r) in G' is a proper extension of C{G'). Now the 
statement follows from Proposition [9l □ 

5. Representation Varieties 

If r is a finitely generated group and G an afhne complex algebraic group, then 
the space of all G-representations of F, HomiT, G), is an algebraic set. 

Example 23. 

(3) Hom{Ti*T2,G) ^ Hom{Ti,G) x Hom{T2,G). 

Hence, for the free group on n generators, Hom{Fn, G) = G". 

Example 24. Each point of Hom{Z^ , SL{2, C)) is represented by p :!? ^ SL{2, C) 
defined by 

satisfying relations 

X1X4 — X2X3 — 1 = X5XS — xgxr — 1 = X2X7 — x^xq = 0, 

— X2X5 + XiXq — X4XQ + X2XS = X3X5 — XiX-j + 0:4X7 — X3X8 — 0. 

The algebraic set Homil? , SL{2,<C)) C is irreducible by [RiTl Thm C]. 

For a more through study of representation varieties it is useful to associate with 
each F and G as above an afhne algebraic scheme, also called the representation va- 
riety, whose set of close points coincides with Hom(T, G). That scheme, containing 
sometimes more subtle information about G-representations of F than Hom{T, G), 
is constructed below. 

If G is an affine complex algebraic group, then C[G] is a Hopf algebra with the 
coproduct 

A : C[G] ^ C[G] ® C[G] = C[G x G] 
being the dual to the group product G x G ^ G and the antipode 

S : C[G] -> C[G] 

being the dual to the inverse map g — > g^^. Consequently, for any commutative 
C-algebra A with product m : A x A ^ A, the space of algebra homomorphisms, 
Hom{<C[G], A), is a group with the multiplication 

Hom{C[G],A) X Hom{C[G],A) 3 {f,g)^m{f(g)g)A £ Hom{C[G],A) 

and the inverse 

Hom(C[G],A) 3 f^ fS e Hom{C[G],A). 

We will denote Hom{C[G], A) with that group structure by G(A). The functor 
G(-) is called an affine group scheme, |Wa| . For example, G{A) = SL{n,A) for 
G = SL{n,C). 

We say that a commutative C-algebra R(T, G) is a universal representation 
algebra of F into G and pj/ : F ^ G(i?(r, G)) is a universal representation if 
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for every commutative C-algebra A and every representation p : T G{A), 
there is a C-algebra homomorphism / : R(T, G) —f A inducing a representation 
G(/) : G{R{r,G)) G{A) such that p = G{f)pu, pIllSiT] . 

Lemma 25. For every T and every G as above, 

(1) R{T,G) and pu exist. 

(2) R{T,G) is well defined up to an isomorphism of C-algebras. 

(3) : r — > G(i?(r, G)) is unique up to a composition with G{f) where f is a 
C-algebra automorphism of R{T,G). 

Proof. (1) Since each affine algebraic group G is a closed subgroup of GL{n,C), 
the coordinate ring of G is a quotient of 

C[GL{n,C)] = C[d,x,j, 1 < i,j < n]/{d ■ det{x,j) - 1). 

Let 

C[G]^C[d,x^j, l<i,j< n]/lG, 
for an appropriate ideal Iq. For the free group, Fn = (71, ...,"fN), 

R{Fn,G) = C[di,xiij, I <i,j <n]/lG<» .■.(E)C[dN,XNij, I <i,j <n]/lG 
and 

(4) pu{7t) = {xuj)&GiRiT,G)), foTt = l,...,N 

satisfy the required universal properties. 
If 

r = (71, ■■■,in) /h, 

where H is the group of relations between the generators 71, ...jn then we define 
i?(r, G) as the quotient of i?((7i, 7Ar) , G) by an ideal / generated by all relations 
necessary for Q to be a well defined group homomorphism. Therefore, each normal 
generator of < (71, jjy) introduces n'^ relations to / (although some of them 
may be redundant). It is easy to see that ([4]) descends to a universal representation 

PC/ :r^G(i?(r,G)). 

(2) and (3) follow immediately from the definition. □ 

Every p e Hom{r, G) defines a C-algebra homomorphism hp : R{T, G) ^ C 
(unique up to an automorphism of i?(r, G)) such that 

p = G{hp)pu. 

Ker hp is a maximal ideal in i?(r, G) and, hence, a closed point in the affine scheme 
SpecR(T,G). Conversely, every closed point in SpecR{T,G) defines a representa- 
tion p : r ^ G. Therefore, Hom{r,G) is the set of closed points of SpecR(r,G) 
and 

(5) R{T,G)/^/O^C[Hom{T,G)]. 

By [KM[ Thm 1.2], R{r, PSL{2,C)) contains non-zero nilpotent elements for 
some Artin groups F. Furthermore, M. Kapovitch proves that R{tti{M), SL{2, C)) 
and 

R{ni{M), PSL{2, C)) contain non-zero nilpotents for some 3-dimensional manifolds 
M, |KalilKa2] . See further comments in Sec. [T31 
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6. Spaces of irreducible representations 

Proposition 26. For every T and every reductive group G the set of irreducible 
G -representations ofT is open in Hom{T,G). 

Proof. The proposition follows from Corollary [TBI and from [Ne[ Prop 3.8]. Since 
the proof of this referenced result is non-elementary, we enclose a complete simple 
proof here: 

(1) First, a simple proof for G = GL{n, C) and SL(n, C): If p ; F ^ G is irreducible 
then, by Shur's Lemma, the elements of p(T) linearly span the space of n x n 
matrices, M(n,C). Conversely, if p(F) lies in a parabolic subgroup of G then the 
elements of p{r) do not span M{n, C). 

Enumerate all elements of F in a sequence 71,72, ... Let Us be the space of all 
p's such that p{'^i), ...,p(7s) span M{n,C). Since the space of all irreducible p's is 
the union of all C/s's, it is enough to prove that each Us is open. This condition 
is equivalent to an existence of a sequence ii, ...,«„2 such that the x matrix 
whose columns are p{jii), p(7i„2 ) considered as vectors in M(n, C) = C" has a 
non-zero determinant. This is an open condition. 

(2) Here is a fairly elementary proof for all G : 
The set of irreducible representations F — > G is the complement of 

IJ Hom(r, P) C Hom{T, G) 
p 

where the union on the left is over all proper parabolic subgroups of G. By [Bo, Thm 
14.18], there are only finitely many parabolic subgroups of G up to conjugation. 
Therefore it is enough to prove that for a given P 

Xp=yj Hom{r,gPg-^) C Hom{r,G) 
sec 

is closed. is the union of closed sets parameterized by a complete variety G/P. 
By Projective Extension Theorem, [?, Ch 8 §5 Thm 6], such union is closed. □ 

The adjoint representation induces a map Ad* : HomiT, G) Horn{T, GL(0)). 
p : F — !■ G is Ad^ -irreducible if Ad p is irreducible. Since the set of Ad-irreducible 
representations F ^ G is the Ad^-preimage of the irreducible representations in 
Hom{r, GL(g)) we conclude with 

Corollary 27. The set of Ad-irreducible representations is open in Hom{T,G). 
Proposition 28. Let G be a reductive group. 

(1) For a free group, Fj^, of rank N > 2, the irreducible representations form a 
dense subset of H om(Fj^ , G) . 

(2) For every closed orientable surface F of genus g > 2, the irreducible represen- 
tations are dense in a non-empty set of irreducible components of Hom{'Ki{F),G). 

Proof. (1) Since Hom{Fi\f,G) is an irreducible algebraic set and the set of irre- 
duciblcs is open in it, it is enough to show that the set of irreducibles is non-empty. 
Since every free group Fn of rank N > 2 maps onto F2 , it is enough to prove that 
statement for F2. The set of irreducible G- representations of F2 is the complement 
of 

IJ Hom{F2,P) C Hom{F2,G) ^ G x G, 
p 
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where the union of sets on the left is over all proper parabolic subgroups of G. 
By |Bo[ Thm 14.18], there are only finitely many parabolic subgroups of G up to 
conjugation. Since for each P 

y Hom{F2,gPg-') 
g&G 

is the image of the G action on Hom{F2, P) with stabilizer P, its dimension is at 
most 

2 • dim P + dim G — dim P < 2 ■ dim G — dim Hom(F2 , G) 
Therefore, there exists an irreducible representation. 

(3) Again, it is enough to prove that an irreducible representation exists. This 
follows from the fact that 7ri(F) maps onto the free group of rank 2. 

□ 



7. Stable and properly stable representations in the sense of GIT 

Let Op be the orbit of p G HomiT, G) under the G action on HomiT, G) by 
conjugation. In the language of geometric invariant theory, p is poly-stable if Op is 
closed. 

Theorem 29. For any reductive algebraic group G, Op C Hom(T, G) is closed if 
and only if p is completely reducible. 

Proof (The proof for G = GL{n, C), can be found in [EHl Thm 1.27]) 
=4> We follow an argument of the proof of [JM, Thm 1.1]: Assume that p is closed. 
If p is contained in a proper parabolic subgroup P then by conjugating p with a 
one parameter group in the center of a Levi subgroup L of P one can obtain a 
representation p' g Op whose image lies in L. Since Op is closed, p' = g~^pg, for 
some g & P- Hence p lies in the Levi subgroup gLg~^. 

<^= Any finitely generated group F is a quotient of a free group F of finite rank. 
Denote the epimorphism F ^ F by tt. Since Hom{T,G) is a closed subset of 
Hom{F, G) and Op = OTrpHHomiT, G), it is enough to prove that O^rp C Hom{F, G) 
is closed. This statement follows from [Ri2[ Thm. 3.6]. □ 

According to the geometric invariant theory, a point x of an affine set X is stable 
with respect to a G action on X (and the trivial line bundle on X) if there is a 
Zariski open neighborhood of x preserved by G on which the G action is closed, 
[MEEl El- 
Corollary 30. (1) Every irreducible representation is a stable point of Hom{T, G) 
under the G action by conjugation. 

(2) p € Hom{Fn,G) is stable if and only if p is irreducible. 
Proof. (1) Follows from Proposition!^ 

(2) Every stable p it is completely reducible by Theorem [29l Every completely 
reducible representation of a free group which is not irreducible can be deformed 
by an arbitrarily small deformation to a representation which is not completely 
reducible. □ 

A point X ^ X is properly stable if it is stable and its stabilizer, Sg{x), is finite. 
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Corollary 31. For every reductive group G, 

(1) p is a properly stable point of Hom(T, G) under conjugation action of G if and 
only if p is irreducible and G{G) is finite. 

(2) p is a properly stable point of Hom{T,G) under conjugation action of G/C{G) 
if and only if p is irreducible. 

Proof. (1) p \s completely reducible by Theorem [29l and it is irreducible by 
Lemma 1151 

<^=: by Theorem and Propositions and [Til 

The same argument shows (2) □ 

|JM| say that a representation p is good if Op is closed and Gg{p{^)) is the center 
of G. By Theorem [29] and Corollary [TH every good representation is irreducible. 
By Proposition [121 every Ad- irreducible representation is good. 

Proposition 32. For every T the space of good G -representations is open in the 
space of all G -representations ofT. 

Proof. By [JMt Proposition 1.1], the G action on the space of all irreducible G- 
representations of F is proper. The good representations, if they exist, form a set 
which is the the union of the principal orbits of that action. For every proper 
action, the union of principal orbits is an open subset, c.f. GO, Thm. 1.5]. □ 

8. Tangent Spaces 

Let A he a, commutative C-algebra, let to be a closed point of Spec A, i.e. a 
maximal ideal m <3 A, and let r,„ be the projection A — > A/m = C. The tangent 
space to Spec A at to is the dual vector space to m/m'^, 

TmSpecA — {m/ni^)* . 

Here is an equivalent definition of the tangent space which will be useful later: 
Let TT : C[e]/(e^) ^ C be the homomorphism sending e to and let %nSpecA 
be the complex vector space of C-algebra homomorphisms A — C[e]/(e^) which 
descend to when composed with tt. Any such homomorphism is of the form 
fm + TE, where r : A — > C is a derivation, 

Trn Spec A = {t : A^ C : T{ab) = r,„(a)T(6) + rm{h)T{a)}. 

A straightforward calculation shows that for every v e T„i Spec A, 

At, (a) = w(a - r„i(a)) 

is a derivation in 7^ SpecA. A direct computation shows that 

(6) A : Tm SpecA —> T„i SpecA 

sending v to Au is an isomorphism of vector spaces, |EH| VI. 1.3]. From now on we 
will identify these two spaces and call them the Zariski tangent space to Spec A at 

TO. 

The above discussion applies to ^4 = Spec i?(F, G). Each p E HomiT, G) defines a 
projection rp : R(r, G) — > C and a closed point nip = Ker p in SpecR{T, G). We will 
abbreviate T^^ Spec i?(F, G) to Tp Spec R{T, G) . Each tangent vector r G Tp Spec R{T, G) 
defines a group homomorphism 

(7) F ^ G(i?(F, G)) G(C[e]/(£')). 
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By abuse of notation, we denote by tt the extension of the homomorphism 

TT : C[e]/(e2) C, 7r(e) = 0, 

to the induced group homomorphism 

TT ; G{C[e]/{e^)) G(C) = G. 

Proposition 33. Consider a closed embedding G C GL{n,C). (Such an embedding 
exists for every affine algebraic group.) 

(1) For every g G G{<C[e]/ (e^)), 

e 

and a{g) belongs to the Lie algebra g C M„(C) ofG. 

(2) For every gi,g2 € G(C[e]/(e2)), 

(8) <j{gi92) cr(.gi) + AdTT{gi) ■ a{g2). 

where Ad : G — s- GL{q) is (as before) the adjoint representation. 

Proof. (1) If /i e G(C[e]/(e^)) is such that 7r(/i) = / then ^ belongs to the Zariski 
tangent space to G at the identity, that is the Lie algebra of G. Now the statement 
follows from substitution h — gTT{g)~^. 

(2) follows by a direct computation. □ 

For every r e TpSpecR{T,G), G{rp+Te)pu{l) G G(C[e]/(e2)), c.f. Q. There- 
fore, by Proposition [33l we have a function F — > g 

(9) : {G{rp + Te)pu{^)){G{rp)pum-^-I ^ 

e 

satisfying the cocycle condition for the first cohomology group of F with coefficients 
in g twisted by Ad p. Hence, defines a map 

*p : TpSpecR{r,G) Z\r,Adp) 

sending r to a. 

The adjoint action of the centralizer of p{T), Gg(p(F)), on g induces a GG(p(r))- 
action on Z^(F, Adp). Additionally, every g £ GG(p(r)) acts on Tp SpecR{T, G) by 
sending t £ Tp SpecR{T, G) to gr such that 

G{rp + gre) = gG{rp + Te)g^^ . 

The homomorphism ^E'p is a GG(p(r))-equivariant. 

We are going to prove that is an isomorphism by constructing its inverse. An 
easy calculation shows that for every a e Z^{T, Adp), 

7 ^ (/ + (t(7)£) • p(7) 

is a group homomorphism from F to G(C[e]/(e^)) (c.f. p^Ml Prop. 2.2] for G = 
GL{n,C)). Therefore, a defines a homomorphism $p(cr) : -R(r, G) C[e]/(e^) 
such that 7r$p(cr) = rp. Hence, ^p{(j) G Tp SpecRiT ,G). In other words, we have 
defined the map 

<I>p : Z^{T,Adp) TpSpecR(T,G). 
A straightforward computation shows (c.f. [JMl Lemma 2.2] and |LM1 Prop 2.2] 
forG = GL(n,C)): 

Theorem 34. ^p and $p are inverses of each other, and therefore, they are 
GG{p{T))-egmvariant isomorphisms between (T , Ad p) and Tp Spec R{T,G). 
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9. Reduced Representations 

A closed point x of an algebraic scheme X is reduced if the local ring Ox.x has 
no non-zero nilpotent elements. By definition, reduced points form an open subset 
of X. 

A closed point x of an affine algebraic set or of an algebraic scheme X is simple 
if dim Tx X coincides with the largest dimension of an irreducible component of X 
containing x. (Simple points are also called non- singular.) Simple points form a 
complex manifold which is an open subset of X. Every simple point is reduced. 

We say that p : F — > G is reduced (respectively: simple) if p is a reduced (respec- 
tively: simple) point oi SpecR{T ,G). 

Corollary 35. The set Hom^(T,G) of reduced representations is an open subset 
ofHom{T,G). 

Proof. Hom^(r, G) is a preimage of the open set of reduced points in SpecR(T, G) 
under the map Hom{T, G) = SpecR{T, G)/VO ^ SpecR{V, G). □ 

For example all G- representations of a free group are reduced, since R{Fn,G) is 
the coordinate ring of the n-th cartesian power of G, which is a smooth algebraic 
set. 

Proposition 36. For every reductive group G and every closed orientable surface 
F of genus > 2, all irreducible representations p : t^i{F) — > G are simple and, 
hence, reduced. 

Proof. By Proposition [Ml the centralizer of p{'Ki{F)) is a finite extension of the 
center of G. Hence, by [Gol) Prop. 1.2], 

dimZ^{Tii{F),Adp) ^ {2g- l)dimG + dimC{G). 

By Theorem [341 
(10) 

dimTp Hom{-Ki[F),G) < dim Tp Spec R{tti{F),G) = dimZ^{-Ki{F),Adp) = 
{2g-l)dimG + dimC{G). 

(1) Assume first (for simplicity) that G is semi-simple. Then dimC{G) = 0. 
Since tti [F) has a presentation with 2g generators and one relation, 

dimG > (2g — l)dimG 

for all irreducible components G C Hom{T, G). Therefore, all quantities in ([TO]) are 
equal, implying that p is a simple point of SpecR{T, G). 

(2) For an arbitrary reductive group G consider epimorphism p]). 

V : G°(G) X [G,G] ^ G. 
Since it has a finite kernel, the induced map 

Hom{TTi{F), G°(G)) x Hom{7Ti{F), [G, G]) ^ Hom{ni{F), G) 

is finite. Since Hom{ni{F),G°{G)) = {C^{G)f^ and, by (1), Hom{ni{F), [G,G]) 
is composed of irreducible components of dimension at least {2g~ 1) dim [G, G], the 
set Hom{TTi{F), G) is composed of irreducible components of dimension at least 

2g ■ dim G"(G) + {2g - 1) dim [G, G] = {2g - l)dim G + dim G"(G). 

Therefore, both sides of (|10p are equal implying that p is a simple point of Spec R{T, G). 

□ 
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Corollary 37. For every reductive group G and every closed orientahle surface 
F of genus > 1, every irreducible representation belongs to a unique irreducible 
component of Hom(T, G). 

Proof. By Shf, II §2 Thm 6] every simple point belongs to a unique irreducible 
component. □ 

Proposition [36] does not hold for non-surface groups. In fact, there appears to 
be no easy characterization of simple points of HomiV , G) in general. 

Example 38. Let p\ : 1? ^ SL{2,C) be the trivial representation and let p2 : 
r — !■ SL{2,C) be an irreducible representation. These representations define a 
representation pi * p2 : * T — > SL(2, C) which is irreducible. On the other hand, 
the Jacobian matrix {dri/ dxj)i=i,,,,^^^j=i^,,,_g, of the five relations in Example \ 24\ has 
rank 2 at pi = (xi, Xs) = (1,0,6,1,1, 0,0,1). Therefore, Hom{Z'^ , SL{2,C)) is 
singular at pi and, by ^B^, pi * p2 is a singular point of Hom{l? *T,G). 

10. Orbits 

As before, let Op be the orbit of p in Hom{T, G) under the G action by conjuga- 
tion. Since Op is homogeneous and it has a simple poinlQ, all its points are simple, 
i.e. Op is a smooth algebraic set. 

The map 

Hom{T, G) = SpecR{T, G)/\/0 ^ SpecR{T, G) 
induces an embedding Tp Hom{T, G) ^ Tp SpecRiT, G). 

The following theorem generalizes jJMl Lemma 2.2] and [LM[ Cor 2.4]. 

Theorem 39. For every p the inclusion 

Tp Op C Tp Hom{r, G) C Tp SpecR{T, G) 

corresponds to 

B^{r,Adp)nTp HomiV, G) d {T , Ad p) 
under the isomorphism ^! p. 

Proof. Since Op is the image of the map fp:G^ Hom{T, G), fp{g) ~ gpg^^, Op 
is the left quotient of G by the stabiHzer of p, GGip(rj), c.f. [Bo, II. 6.1]. Since 
quotient maps are surjections, the differential 

^(/p) -TgG ^ Tgpg-i Op 

is an epimorphism. 

Consider a closed embedding G ^ GL{n,C). Every 1-coboundary r e B^{T,Adp) 
is a function F g of the form 

(11) t(7) = a - Adp{j) -A^A- p(7)Ap(7)-i, 

for some A e fl. By the discussion in Section [51 $p(t) £ TpSpecR{T,G) corre- 
sponds to a homomorphism RiT, G) C[e]/(e^) yielding a representation 

(12) r^G(C[£]/(£2)), ^^i^i + re)p{^) 
which by (fTT|) is 

7 (/ + (^ - p(7)Ap(7)-^)£)p(7) = {! + Ae)p{j){I - As). 

^Every algebraic set has a simple point. 
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Since 



(I + Ae) ^ = I - Ae mod 




j^{I + Ae)p{j){I + Ae) 



-1 



If r G Tp HomiT ,G) then this representation does represent an element dfpiv) G 
Tp Op where 

v = I + Aec TiG. 

Conversely, since every tangent vector to Op at p is of the form , the statement 



Observe that the stabilizer of p, Ccipi^)), acts on Op by conjugation and, hence, 
it acts on Tp Op as well. Furthermore, B^{T, Adp) n Tp HomiT, G) is preserved by 
the Cg (p(r))-action on Z^(r,G). Since is Cg (p(r))-equivariant, we conclude: 

Corollary 40. The isomorphism TpOp B^{T, Adp)nTp Hom{V, G) of Theorem 
fgPI is GG{p(r))-equivariant. 



is called the G-character variety of T. By definition, it is an affine algebraic set 
together with the map HomiT, G) Hom{T,G)/ /G which is constant on all 
G-orbits, with the property that every morphism from HomiT , G) into an affine 
algebraic set Y which is constant on all G-orbits factors through HomiT, G) 
Hom{T, G)//G, c.f. |Do[ [Fbi iMFK j . If G is reductive then the categorical quotient 
exists. The reason for considering the categorical quotient rather than the set theory 
quotient is that the quotient topology on Hom{T, G)/G is not a Zariski topology 
of any algebraic set. For example, often it contains points which are not closed. 
Character varieties are often reducible, despite the term "variety" in their name. 

Every equivalence class in XciT) contains a unique closed orbit. Therefore, by 
Proposition [29l each element of the G-character variety of F is represented by a 
unique completely reducible representation. 

Example 41. Let T be a maximal torus of G. The map T Hom[1,, G) assigning 
to g the G -representation of Z sending 1 to g factors to an isomorphism 



where W is the Weyl group of G, c.f. St , 6.4]. 

Example 42. (1) The S L [2, C)- character variety of the free group, F2, on two 
generators is isomorphic to C"^. 

(2) S L [3, C)- character variety of the free group on two generators is a hypersurface 
in 9-dimensional affine space, |Lol[ Thm 8], [Sil]. 

Denote the set of irreducible representations in Hom{T, G) by Hom^iT, G). The 
G action by conjugation preserves Hom^iT ,G). Since all orbits in Hom^iT, G) are 
closed (c.f. Proposition [29|) and each equivalence class in a categorical quotient 
contains a unique closed orbit, the categorical quotient Hom^{T, G)/ /G is the set- 
theoretic quotient. Denote Hom\T,G)//G = Hovi'{T,G)/G by X^(F). From 



follows. 



□ 
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The categorical quotient of Hom{T, G) by the G action by conjugation, 

XciT) = HomiT, G) 1 1 G, 
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now on, the quotient of the complex topology on Hom''{T, G) will be the default 
topology on Xq(T). 

Proposition 43. Let G he a reductive group. 

(1) For the free group Fn, Xg(i^„) is a complex (Hausdorff) orbifold of dimension 

{n - l)dimG + dimC{G). 

(2) For the closed orientable surface Sg of genus g > 1, XQ{TTi(Sg)) is a complex 
orbifold of dimension 

(2.g - 2)dim G + 2dim C{G). 

(3) If G IS CI (e.g. G = GL{n,C), SL{n,C)) then X^(F„) and X}.{TTi{Sg)) are 
manifolds for all n,g > 1. (See also Fh2\ .) 

Proof. (1) Xi,{Fn) = Hom'{Fn,G)/G. Since Hom'{Fn,G) is an open subset of 
G", it is smooth. By Proposition [TH G/C{G) acts on IIom^{Fn,G) with a finite 
centralizers. 

(2) By Proposition [36l all irreducible representations of 7ri(S'g) are reduced. There- 
fore, by Theorem [Ml and by [Go2, Prop. 1.2], IIom'^{'Ki{Sg)) is a complex manifold 
of dimension (2g — \)dim G + dim C{G). Since G/C{G) acts on Horri^Fn, G) with 
a finite centralizers, the statement follows. 

(3) By definition of a CI group, the G/C{G) action on X'^iF^) is free. By [JMl 
Thm 1.1], the action is also properly discontinuous. Since the quotient of a manifold 
by a free properly discontinues group action is also proper, [?, Proposition 3.5.7], 
the statement follows. □ 

Recall that a representation p : T ^ G is good if and only if it is irreducible 
and the centralizer of p(r) coincides with the center of G. By Proposition [32l the 
space of good representations Hom^iT^ G) is an open subset of the irreducible ones. 
Since G/C{G) acts freely on IIom^{r,G), we conclude with: 

Corollary 44. For every reductive group G and every surface group or a free group 
T, Xq(T) = Hom^(r,G)/G is an open subset of Xq{T) and a smooth complex 
manifold. 

For a topological space Y, we will abbreviate XoiTTiiY)) by Xg{Y). 

Proposition 45. (1) If M is a compact manifold with connected boundary of genus 
g then 

dimXaiM) > dimG- (5 - 1). 

(2) For a given non-abelian reductive group G and a positive integer g there is no 
upper bound on dim Xq{M) over compact manifolds M with connected boundary 
of fixed genus g. 

Proof. (1) If M is a compact manifold with connected boundary of genus g then 
TTi (M) has a presentation with n generators and p relations such that 

1 — n + p ~ x(M) = 1 — g. 

Hence dim Hom{-Ki{M), G) > dimG ■ {n ^ p) — dimG ■ g. 

(2) It is enough to prove that there is no upper bound on dim HomliTi^M), G), 
over compact manifolds M with connected boundary of fixed genus g. Since every 
non-abelian reductive group contains either SL{2, C) or PSL{2, C), dim Hom{7Ti{M) , G) > 
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min{dim Hom{TTi{M), SL{2, C)), dim Hom{TTi{M), PSL{2, C)). Since the quotient 
map SL{2, C) PSL{2, C) induces a finite map 

Hom{Tri{M),SL{2,C)) ^ Hom{TTi{M), PSL{2,C)), 
dimHom{T:i{M),SL{2,C)) < dim Hom{ni{M), PSL{2,C)). 
(The inequahty stems from the fact that this map does not have to be onto.) There- 
fore, it is enough to prove that there is no upper bound on dim Hom{'Ki (M), SL{2, C)) 

Let Kn be the connected sum of n copies of a knot K. Cooper and Long, |CL| . 
proved that dim Hom{'Ki {S^ \ Kn), SL{2, C)) > n + 3. (Ahhough their argument is 
made for hyperbohc knots K only, it generahzes to all knots by the result of KrM] , 
c.f. [DGj .) Let Kn^g be a graph obtained by connecting g unlinked copies of Kn in 

by g—1 tunnels and let Mn^g be the complement of an open tabular neighborhood 
of Kn,g in S^. Then 7ri(M„^g) is the free product of g copies of 7ri(S''^ \ Kn) and 

dimHomiTri{Mn.g),SL{2,C)) > g - (n + 3). 

Since for every n, dMn,g is a surface of genus g, the statement follows. □ 

In general, character varieties are very difficult to describe by explicit algebraic 
equations. For further information on character varieties, we refer the reader to 
[XPllBCl IBHI [BKTl [BK21 [BK3l iFLTl lFL2l iGMl [JMl llfol iL^Sl 11351 iLMl iLPl [Nil 
IPBK) [Sa l ISil) IShl| . Character varieties of surface groups will be discussed in Section 

m See also [BKCh; 'c^, 'cHU [gSH EmI |gH11 Eol ESil ESsl EmI E M 

ILo2| ILo4| IPXl iRBK, RBC. .SSJ and other papers of these authors. Applications 
of character varieties to low-dimensional topology and geometry are discussed in 
[BFl iBBl IBLZ', "BNl |BZT1 | BZ2l lBZ3, W, ICCCLSl ICSl ICLl ICHl IDDW, 'D^T, IFGLI 
lUil lUil [G Ml , GM21 [GUI [HPTl ,HP2 , HLMTl IHLM21 |HSl QMl ?, IKM, Lsli iLil 
ILRII [LR21 [MSl [Mol jPHHEil [SiIllSl2l|Ti] and in other papers of these authors. 

12. Tangent spaces to character varieties 

For any p : F ^ G, the Cg(p(F)) action on Z^(F, G) descends to an action on 
ffi(F,G). 

Theorem 46. For every reductive G and every completely reducible p there is a 
natural linear map 

: T[,] Xg{T) ^ To {H\T,Adp)//CGip{T))) . 

If p is reduced then cj) is an isomorphism. 

S. Lawton pointed out to us that this statement for G = PSL{2,C) appears in 
[HP21 Prop. 5.2]. (Although the assumption on p being reduced does not appear 
explicitly in their assumptions, one can guess it from the context.) 

A version of this result stating that 

"T^p]XG{T)^H\T,Adp)" 

belongs to folk knowledge, although it is often used without proper assumptions - 
in particular the requirement of p being reduced and Gg(p(F)) acting trivially on 

H'^{r,Adp). 

Proof of Theorem\4^ By Luna's etale slice theorem, [E], c.f. [MFKj . fPVl Thm 
6.1], there exists an affine subset (the etale slice) S of Hom{r, G) containing p and 
an excellent G-equivariant morphism 

G XcG(p(r)) S -> Hom{r,G). 
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By definition of being excellent, the induced quotient map S/ /Cg{p(X)) ~^ Hom{T, G)/ /G 
is etale and, therefore, it induces an isomorphism 

T[,] Homir, G)//G ^ Tp (5//CG(p(r))). 

Now, by [PVl Thm 6.4], Tp (S/ /Cg{p{T))) = To {TpS/ /GaipiT))). Since Tp S is an 
CG(p(r))-equivariant complement of TpOp in TpHomiT.G), 

TpS ^TpHom{T,G)/TpOp, 

as Cg (/o(r))-modules. By Theorems l34l and l39l the embedding 

TpHom(r,G) ^ Z\T,G) 

factors to 

Tp HomiV, G)/Tp Op ^ Z\V, G)/B\V, G) = H\T, G). 
If p is reduced, then this map is an isomorphism. □ 



13. Character Varieties as Algebraic Schemes 

For every reductive G and every finitely generated F, the invariant part of 
R{T,G) under the G action defines an algebraic scheme Ag(F) — SpecR(r,G)^ 
which is a scheme "sibling" of Xg{T). It is often also called the G-character vari- 
ety of F. By the definition of the categorical quotient, C[Xg(F)] — C[Hom{T, G)]^ . 
The epimorphism R{T,G) — > C[Hom{T,G)] induces the epimorphism 
i?(F, G)<= ^ C[Hom{r, G)]^ and 

i?(F, Gf/Vo = C[Hom{r, G)f = C[Xg(F)]. 

In other words, there is a natural bijection between the closed points of Ag(F) and 
points of Xg{T). 

In [Sil| . we have described i?(F, S'L(7i, C))"^^^"'"'^ as a space of n-valent graphs 
reminiscent of Feynman diagrams in an arbitrary path connected topological space 
X with TTi{X) = F. 

Kapovitch and Millson proved that for every affine (possibly unreduced) variety 
X over Q there is an Artin group F such that a Zariski open subset of Ap5i(2,c)(r) 
is isomorphic to a Zariski open subset of X, JCM . Additionally, for every x £ X 
there is a representation p of an Artin group F into PSL{2, C) such that the analytic 
germ of '^psl(2,c) (r) at [p] coincides with the analytic germ of X at x, [KM . 

Kapovitch proved that the same is true for 3-manifold groups. That is, for every 
X G X as above there is a closed 3-manifold M and a representation p : F = 
7ri(M) PSL{2,C) such that the analytic germ of '^psL(2,c)(r) at [p] coincides 
with the analytic germ of X at x, [Kali IKa2] . In particular A'p52.(2,c)(r) contains 
non-zero nilpotent elements for some Artin groups and some 3-manifold groups F. 

Question 47. Under what conditions on p : T ^ G 

T[p]Xg{T) = To iH\T,Adp)//GGipim ? 
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14. SiMPLECTICITY OF CHARACTER VARIETIES OF SURFACES 

Let G be a reductive group and let g be its Lie algebra. A bilinear form 
B : g X g C is ^d-invariant if B{Ad{g)x, Ad{g)y) = B{x,y). 

Let F be a closed orientable surface. For every representation p : tti{F) G 
and every Ad-invariant bilinear form B : g x g ^ C, the cup product defines a 
pairing 

(14) UB : H\F,Adp) x H\F,Adp) ^ (F, Ad p (g> Ad p) H^{F,C) = C 
which can be also identified with the pairing 

(15) H\F,Adp) X Hi{F,Adp) Hq{F, Ad p ® Ad p) Ho{F,C) = C 
via the Poincarc duality with twisted coefficients, |Sp| , 

n[F] : H'^iF.Adp) ^ H2-niF,Adp), 
where [F] £ H2{F,C) is a fundamental class of F. 

Lemma 48. (1) Let T be a group and let (C*,9) be a chain complex of left ZF- 
modules. Let Mi,M2 be left -modules. Lf B : Mi x M2 — > C is a TJ" -invariant 
pairing, i.e. B{rmi,rm2) = B(mi,m2) for every r g ZF, mi £ Mi, m2 G M2, 
then the cap product induces a pairing 

(16) H'\Homzr{C,,M2),5) x ff„(A/i ®zr C„d) ^ Mi ®zr M2 ^ C. 

In the above formula Mi is considered as a right -module via m ■ j ~ ■ m. 
(2) If B is a duality pairing, i.e. if B induces an isomorphism Mi ~ Hom{M2,C-), 
then the pairing U6]) is non- degenerate. 

Proof. (1) is well known, c.f. [Br) V §3]. 

(2) The cochain complex (iJomzr(C*, M2), (5) can be written as 

(HomzriC,, Hom{Mi,C)),d) = {Homzr{C, (g> Mi,C), S) = 
{Hom{C, ®ZT Ml, <C),5) = Hom{{C, ®zr Mi, 9), C). 

Hence 

(17) H,,{Hom^riC„M2),S) ^ H,,{Hom{{C,^zr Mi,d),C)) . 

Since C is a divisible group, Hom{ ■ , C) is an exact functor in the category of 
abelian groups. Hence, pT|) becomes 

Hn{Hom^T{C.,M2),6) = Hom{Hn{C^, ®zr Mi,d),C). 

It is easy to verify that this isomorphism is induced by pB]) . □ 

If B is symmetric then (1141) is skew-symmetric. Therefore, Lemma H51 implies: 

Corollary 49. (c.f. IGolJ j If B : g x g C is symmetric, Ad-invariant, and 
non-degenerate, then |j4[ ) is a symplectic form on H^{F, Ad p). 

If g is simple then the Killing form is unique among symmetric, G-invariant, 
non-degenerate forms on g, up to a constant multiple. 

Let F be a closed orientable surface of genus > 2 now. By Corollary [44l the 
space of G-conjugacy classes of good representations, 

X^{F) = Hom%Tii{F),G)l IG = Hom3{ni{F), G)/G 
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is a complex manifold and, by Theorem 1461 

T^,}X^^{F) = H\n,{F),Adp). 

Remark 50. lob is an "algebraic" form on Xq{F), i.e. it is a global section of 
the second exterior power of the vector bundle of Kdhler differentials on Xq (F) . In 
particular, ujb is holomorphic. 

Goldman proves by an argument from gauge theory that for every non-degenerate, 
symmetric, Ad-invariant B, lub is closed, [Golj . Therefore, (Xq(F),u;b) is a holo- 
morphic symplectic manifold. 

15. 3-MANIFOLDS AND LAGRANGIAN SuBSPACES 

Let M be an orientable compact 3-manifold with a connected boundary F. The 
embedding DM ^ M induces a homomorphism r : Tri{F) 7ri(Af) and a map 

: Xg{M) ^ Xg{F). Let Yg{M) be the smooth part of r^XaiM)) in 
Our goal is to prove the following two theorems: 

Theorem 51. (1) Yg{M) is an isotropic submanifold of Xq{F) with respect to ujb 

for every symmetric non- degenerate bilinear Ad-invariant form B on q. 

(In particular, every connected component ofYoiM) of dimension ^dim Xq{F) is 

Lagrangian.) 

(2) If a connected component ofYQ{M) contains an equivalence class of a reduced 
G -representation of nilM) then it is a Lagrangian submanifold ofYQ{M). 

Theorem 52. Xq{F) n 7'*(XQ(Af)) is an immersed Lagrangian submanifold of 

Note that we do not claim that Xg.(M)nr~-'^(Xg,(F)) is a manifold. Furthermore, 
even if it is, does not have to be an immersion by Proposition I45f 2) . 

Theorems [5T] and [52] have important applications to Chern-Simons theory, [FVl 
IBa) , as well as to quantum topology, c.f. for example [Qui IJWi IWeli IWe21 ISi3 ] . (In 
the scheme of geometric quantization, one associates Hilbert spaces H to symplectic 
manifolds X and vectors in H to Lagrangian subspaces of X.) 

C. Curtis defined an analog of the Casson- Walker 3-manifold invariant for SL{2, C), 
[Cu] . Her construction is based on a Heegaard splitting of a 3-manifold into two han- 
dlebodies Hi and H2 and on counting the intersection points of the Lagrangian sub- 
spaces r^XsL{2,C){Hi) and r^XsL(2,C){H2) inside Xg{F), where F = dHi ^ 9i?2. 

The above results suggest a possible generalization of her work to arbitrary 
splittings of closed 3-manifolds M — Mi Uf M2 along surfaces F of genus > 2, c.f. 

m- 

Furthermore, if Yg{Mi) ,Yq{M2)) are Lagrangian submanifolds of Xg{F) then 
one may be tempted to build an algebraic version of Floer symplectic homology 
theory for such submanifolds. 

For every representation p : tti {M) —t G the homomorphism r : tti (F) — s- tti (M) 
induces r* : H^{M, Ad p) H^{F,Adpr). The proofs of Theorems [511 and are 
based on the following: 

Theorem 53. For every p : 7ri(M) — > G, r*H^(M,Adp) is a Lagrangian subspace 
of the symplectic space {H^{F, Ad pr),u!B) with respect to every non-degenerate, 
Ad-invariant, symmetric, bilinear form B on q. 
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In particular, for the trivial representation p : 7ri(Af) — > C*, Theorem 1531 implies 
the following classical result: 

Corollary 54. For every compact, orientable Z-maniJold with a connected boundary 
F the image of the map r* : H^(M,C) — > H^(F,C) induced by the embedding 
r : F ^ M is a Lagrangian subspace of H^(F,C) with the symplectic form being 
the cup product. 

Proof of Theorem] 5S[ (1) We prove that 

dimr*H^{M,Adp) = ^ dim {F, Ad p r) 

first, by filling in the details of the approach of fPr]. (This approach was communi- 
cated to us by Charlie Frohman.) By Poincare-Lefschetz duality we have 

H2iM,F,Adp) Hi{F,Adpr) ^ Hi{M,Adp) 

(18) I ^ iv i 
H\M,Adp) ^ H\F,Adpr) ^ H^{M,F,Adp), 

where all vertical maps are isomorphisms induced by Poincare duality. By Corollary 
the cap product 

H^{F,Adpr) X Hi{F,Adpr) Ho{F, Ad pr ® Ad pr) Ho{F,C) = C, 
is non-degenerate. Similarly, 

(M, Ad p) X Hi {M, Ad p) Ho{M, Ad p Ad p) ^ C, 

ij2 (M, F, Ad p) X H2 (M, F, Ad p) Ho (M, F, Ad p (E) Ad p) C 
are non-degenerate by Lemma 135^2). Consider the isomorphisms 

H\M,Adp) ~ {Hi{M,Adp))\ H\F,Adpr) ~ {Hi{F, Ad p r))* , 

H^{M,F,Adp) ~ {H2{M,F,Adp))* 

defined by these pairings. Under these identifications, and r* and d and S are 
the duals of each other. Hence 

rank r* = rank r» = rank S = dim H^ {F, Ad pr) — dim Ker S 

= dim H^ {F, Ad pr) — rank r* . 

(2) It remains to be proven that r* H^{M, Ad p) is an isotropic subspace of 
H^{F,Adp). 

The pairing identifies Hi{F,Adpr) with H^{F,Adpr)*. The isomorphism 
r]~^ of (dH]) sends a £ H^{F,Adpr) to r^^^ia) € Hi{F,Adpr) which under the 
above identification is the functional : H^{F,Adpr) C, fa{f3) = (jJB{ct,P)- 

By Lemma SSI the pairing 

(19) H^ (M, Ad p) X Hi (M, Ad p) ^ Hq {M, Adp®Adp)^ Ho [M, C) = C 

is non-degenerate. If we use it to identify Hi{M , Ad p) with H^{M, Ad p)* then 
in (fT8|) sends fa to /o-r* : H^{M,Adp) C. By commutativity and exactness of 
(fT8| . /o-r, = for every a € r*{H^{M, Adpj). In other words, fa{P) = for every 
a,f3 £ r*{H^{M,Adp)). □ 
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Proposition 55. IfG is reductive and p : 7ri(Af) —^Gis such that pr : t:i{F) — > G 
is good, then the following diagram commutes: 

T[,]Xg{M) ^ T[„.]Xg{F) 

H^{M,Adp) H^{F,Adpr), 

where (j) is the morphism of Theorem considered for F = tti (M) on the left and 
and for F = tti (F) on the right. 

Proof. Since pr is good also p is good. Hence 

To{H\7T,{M),Adp)//CG{p{m = H\MM),Adp) 

and 

To(i?i (^1 (F), Ad p r)//CG {p rn, (F))) ^ (tti (F) ,Adpr). 
Now, the statement follows directly from the relevant definitions. □ 

Proof of Theorem I51t (1) is a direct consequence of Theorems HH [53] and 
Proposition [551 

(2) Let p : 7ri(A/) — > G be a reduced, irreducible representation who conjugacy 
class belongs to Yg{M). By Theorem [46l both (/)'s in the diagram of Proposition[55l 
are isomorphisms. By Theorem [53l dimT[p] C — ^dim Xg{F). Now the statement 
follows from (1). □ 
Proof of Theorem [52} By Proposition [32l X^{F) C Xg{F) is open and, 
hence, U = r~^X^{F) is an open subset of Xg{M) and of X^{M). By Theorem 
[46land Proposition [55l 

:T[,]L/^T[,]XS(F) 

has constant rank for all [p] in U. By rank theorem for algebraic sets, [BCR[ Thm 
9.6.1], every [p] G J7 has a neighborhood F such that r*(F) a submanifold of Xg, (F) . 
Consequently, r^iU) = r^,{XG{M))nXQ{F) is an immersed submanifold of Xq{F). 
□ 
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